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We discuss the question whether the commutator of two
chaotic vector fields is again a chaotic vector field.
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We consider autonomous systems of first-order or-
dinary differential equations
du; ]

= f(w),

with chaotic behaviour [1]. We assume that the f; :
R? — R are analytic functions. Associated with this
autonomous first-order system is the analytic vector
field
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The analytic vector fields form a Lie algebra under
the commutator [2]. Typical examples are the Lorenz
model, the Rikitake two-disc dynamo system, and
Chen’s model [3]. Other simple examples together
with their three one-dimensional Ljapunov exponents
are listed by Sprott [4, 5]. For the three examples given
above the divergence of the corresponding vector field
is a negative constant. Thus a volume element will
shrink under the flow.

Consider two analytic vector fields, say V and W,
with chaotic behaviour. Then an interesting question is
whether the vector field we obtain from the commuta-
tor is again chaotic. With
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we obtain the vector field
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Let @ = dx; Adxy A dxs be the volume form in R3.
Then Ly = (divV)wm, where Ly(.) denotes the Lie
derivative and divV denotes the divergence of the vec-
tor field V. We find the divergence of the vector field
given by the commutator [V, W]. Using the property of
the Lie derivative such as linearity and the product rule
we find

L[V,W]w =Ly (LW (1)) — Ly (LV (1))
= (Ly(divW) — Ly (divV))®

Since divV for the first system is constant and divW
for the second system is also constant, we find
Liyw)® = 0. Thus the vector field given by the com-
mutator is divergenceless.

Thus the divergence of the vector field given by the
commutator is zero if the divergence of the two vec-
tor fields V and W is a (negative) constant. Typical ex-
amples for vector fields with a negative constant diver-
gence are the Lorenz model, Rikitake two-disc dynamo
system and Chen’s model. If A/, 24, A1 are the three
one-dimensional Ljapunov exponents with the order-
ing QLII > l{ > 131, then the classification would be
lf <0, ?Lz’ <0, 7L3’ < 0 (fixed point), lf =0, Aé <0,
A3 < 0 (limit cycle), A{ =0, A1 =0, A3 < 0 (torus),
AM>0,4=0,A<0 (chaos) If divV = ¢, where c is
a negative constant, we have

M+M+M=c

Now we proved that, if divV = c¢| and divW = ¢; are
(negative) constants, we have for the vector field [V, W]

MAM+M=

Since for a chaotic system A4 = 0 we obtain A/ = —2J.
A simple example of a dynamlcal system w1th chaotic
behaviour and divergence equal to O is

du1

= u
dr 2,
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Here we also find unbounded trajectories.

Obviously we cannot expect that the commutator of
any two chaotic vector fields provides a chaotic vector
field. For example consider the autonomous system

du1

dr

duy dus
— =uy—uy, —— =a—uu.
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For a =1 (and values close to a = 1) we have chaotic
behaviour with the one-dimensional Ljapunov expo-
nents M =0.21, l{ =0, 131 = —1.21. Take the same
vector field except the constant a replaced by b. Then
the commutator provides the linear vector field

d
a—b)uys=—-.
( ) 28u1
One could argue that the two vector fields are “to
close”. An example where the commutator provides a
new chaotic system is the commutator of the Lorenz
model:

du1 G( ) du2

—=o0(up—u — =ruy—up —uju
dr 2 1)s dr 1 2 143,
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— = —buz + ujus

dr 3 )
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and of Chen’s model:

d d

%za(uz—ul), %zdul—ulug—i-cuz,
dus

— = — bus.

dr ujup U3

The Lorenz model shows chaotic behaviour for the pa-
rameters ¢ = 10, r =28, b = 8/3. Chen’s model shows
chaotic behaviour for a = 36, b = 3, ¢ = 28. Studying
the vector field of the commutator of these vector fields
provides a vector field with divergence O and chaotic
behaviour. However, we also find unbounded trajecto-
ries.

[3] G. Chen and T. Ueta, Int. J. Bifur. Chaos 9, 1465
(1999).

[4] J.C. Sprott, Phys. Rev. E 50, R647 (1994).

[51 J.C. Sprott, Am. J. Phys. 65, 537 (1997).



